The quark quasiparticle model is extended to study the properties of color-flavor locked strange quark matter at finite chemical potential and in a strong magnetic field. We present a self-consistent thermodynamic treatment by employing a chemical potential dependent bag function. It is found that the magnetized color-flavor-locked (MCFL) matter is more stable than other phases within a proper magnitude of magnetic field. The stability window is graphically shown for the MCFL matter compared with ordinate magnetized matter. The anisotropic structure of MCFL matter is dominated by the magnetic field and almost independent of the energy gaps. A critical maximum magnetic field of about 1.56 × 10 18 G is found, under which MCFL matter is absolutely stable with respect to nuclear matter.
I. INTRODUCTION
Properties of strange quark matter (SQM) at low temperature and high density regime have received a lot of theoretical attentions. The stability of SQM in the interior of a compact star has been investigated by many works [1] [2] [3] . The most symmetric pairing state, color flavor locked (CFL) state, can only be realized if the mass split between light quarks and strange quarks is small and/or the chemical potential µ satisfies µ m 2 s /2∆ [4] with m s being the strange quark mass and ∆ the pairing gap. CFL state is predicted to be more stable than ordinary strange quark matter. So a hybrid star is suggested to be constructed with color superconducting quark matter in the interior and nuclear matter in the surface [5] . Recently, the special properties of neutron star matter [6] and dense quark matter in the presence of a strong magnetic field have aroused a lot of interest [7, 8] . One may naturally wonder how the external magnetic field affects the stability condition and the equations of state of CFL matter.
In the past years, the magnetized strange quark matter (MSQM) and CFL matter have been studied in the bag model [9] and improved in the Nambu-Jona Lasinio (NJL) model [10] [11] [12] . The CFL state has a wide range of model parameters characterized by the so-called stability window [13] . In an external strong magnetic field, the magnetized color flavor locked matter (MCFL) is expected to have interesting properties [14] [15] [16] , where the magnetic field contribution is considered as the vacuum term in the thermodynamical potential [17] . Due to the effect of the strong magnetic field, the anisotropic pressure changes the mechanical stability condition of strange quark matter, which is especially important for the finite size spherical drop of SQM [7, 18] . In literature, there are two kinds of treatments with the chemical potential relation between various components of the quark matter. One is the weak equilibrium for bulk matter, such as the general treatment of u, d, and s quarks in quark stars. The other is non-β equilibrium proposed in a first order deconfinement transition of hadron matter to color superconductivity. When the phase transition is unavoidable, the non-β -stable intermediate state is assumed to have a short life time [19] .
In literature, the quark quasiparticle model has been developed by many authors in studying the dense quark matter at finite temperature and density [20] [21] [22] . The importance of the quasiparticle model is the introduction of the medium-dependent quark mass scale in describing QCD nonperturbative properties. A widely accepted quark mass scale is derived at the zero-momentum limit of the dispersion relations from an effective quark propagator by resuming one-loop self-energy diagrams in the hard dense loop approximation [2] . In the scale, the quark mass is a function of its chemical potential and the temperature. So the pressure and energy functions of SQM have corrections by an additional bag function. As is known, the system pressure and various component chemical potentials are very important quantities for the equations of state of SQM. To balance the electrostatic repulsion of electrically charged particles, Poincare assumed a pressure to exist inside the particles [23, 24] . The pressure is exerted by the physical space outside the bag in the bag model. It has also been shown through the dynamical quark mass in the NJL model [25] . In the quark quasiparticle model, it is presented by a chemical-potential-dependent bag function, which is derived by the self-consistency condition of thermodynamics. Recently, we have applied this model to study the strangelets [26] and magnetized SQM with interesting results [27] . The aim of this paper is to investigate the special properties of the CFL state in an external strong magnetic field. We derive a chemical potential and field-strength-dependent bag function. Then we show the self consistency of the thermodynamic treatment. Our results show that the pairing effect together with an external magnetic field in a proper magnitude can generally enlarge the stability window of MCFL matter. This paper is organized as follow. In Sec. II, we derive the self-consistent thermodynamic formulas of CFL and MCFL matter in the quasiparticle model with and without the magnetic field. Based on the running coupling constant between quarks, we investigate the stability of different phases of SQM. Specially, the stability windows of MSQM and MCFL matter are shown. In Sec. III, we show the numerical results and have a discussion on the stability and the anisotropic structure of SQM in strong magnetic field. The last section is a short summary.
II. CFL MATTER AND MCFL PHASE IN THE QUASIPARTICLE WITH A NEW EFFECTIVE BAG FUNCTION
A. Thermodynamic treatment of CFL matter in the quasiparticle model
We begin with the thermodynamical potential density of unpaired quarks. At zero temperature, the thermodynamic potential density Ω free is [5, 28, 29 ]
where is the degeneracy factor d i is 6 for quarks and d i = 2 for electrons. All the thermodynamic quantities can be derived from the characteristic function by obeying the self-consistent thermodynamic relation [26] . In order to write down the expression for the thermodynamic potential density of three-flavor quark matter in the color flavor locked phase, as usually done, we assume that all nine (three flavors times three colors) quarks have a common gap ∆. To order ∆ 2 , the pairing contribution to the thermodynamic potential density of color-flavor locked SQM can be written as [5] 
where the pairing term from one quasiparticle with gap ∆ 1 and eight quasiparticles with gap ∆ 2 is [30]
where the approximate relation ∆ 1 = 2∆ 2 = 2∆ is used between the singlet and octet gaps. The mean chemical potential is
In this paper, the effective quark mass in the framework of the quasiparticle model is taken to be [2, 31, 32] ,
where m i0 , µ i , and g are, respectively, the quark current mass, quark chemical potential, and the strong interaction coupling constant. In principle, the strong coupling constant is running [33, 34] , and one can use a phenomenological expression such as [35] ,
However, to make the expressions simple and understandable, one can adopt a constant g with value in the range of (0, 5), as was done in the previous literature [2] . Through the following sections and figures, we choose the running coupling value in the calculations. The current mass can be neglected for up and down quarks. The strange quark current mass can be adopted as 120 MeV. If the vanishing current mass is assumed for up and down quarks, Eq. (6) can be reduced to the simple form
The pressure and the energy density for the CFL matter are, respectively, given by
where the effective bag function B * is introduced as a residual interaction energy density. To meet the thermodynamic consistency condition, the B * function can be divided into two parts: µ i -dependent part and the definite integral constant, i.e.,
, and s) where B 0 is similar to the conventional bag constant. The concrete expression of the chemical potential dependence of the effective bag function B * is to be self-consistently derived in the next paragraph. The advantage of this particular implementation is to show the automatic confinement characteristic in the model. The quark number density of the component i is given as
The total baryon number density n b is the sum of n i divided by 3, i.e., n b = (n u + n d + n s )/3. Eq. (5) explicitly means that all the three flavors of quarks have the same number density, i.e. n u = n d = n s . Therefore, the CFL phase is naturally neutralized, and the number density of electrons is thus zero. Accordingly, the weak equilibrium condition µ u + µ e = µ d = µ s becomes µ u = µ d = µ s due to the zero chemical potential of electrons. In order to satisfy the fundamental thermodynamic equation
the following requirement must be satisfied [2, 36] ,
Considering Eq. (13), we have the vacuum energy density function B i (µ i ) through the following differential equation,
If the current mass of light quarks is neglected, one can integrate Eq. (31) under the condition B i (µ i = 0) = 0 and have
The effective bag constant including the effect of pairing was investigated in the CFL matter by Ref. [37] . Here we derive the effective bag function by self-consistent requirement from Eq. (31) . The pairing contributions is included in the thermodynamic potential density. If we apply the running coupling g(µ), the expression of the effective bag function is changed into For the pairing energy gap, ∆ = 80 MeV (dashed line) and ∆ = 100 MeV (solid line), the energy per baryon of CFL matter versus the baryon number density is plotted in Fig. 1 . On the top of the panel, the ∆ = 0 curve marked by a dotted line represents the unpaired SQM. For larger pairing gap, the CFL matter would have a smaller free energy per baryon. The minimum values of the curves are located at the stable zero-pressure points marked by open circles. This is the result of the thermodynamic self-consistency requirement.
B. MCFL phase in the present of the strong magnetic field
To definitely describe the magnetic field of a compact star, we assume a constant magnetic field (H m,z = H) along the z axis. Due to the quantization of orbital motion of charged particles in the presence of a strong magnetic field, known as Landau diamagnetism, the single particle energy spectrum is [38] where p z is the component of the particle momentum along the direction of the magnetic field H, e i is the absolute value of the electronic charge (e.g., e i = 2/3 for the up quark and 1/3 for the down and strange quarks), n = 0, 1, 2, ..., is the principal quantum number for the allowed Landau levels, and η = ±1 refers to quark spin-up and -down state, respectively. For the sake of convenience, one usually sets 2ν = 2n − η + 1, where ν = 0, 1, 2, .... The single particle energy then becomes [7] 
wherem 2 i,ν = m 2 i + 2νe i B denotes the square of quark effective mass in the presence of a magnetic field. In literature, the MCFL matter was successfully investigated in the NJL framework [39] [40] [41] [42] [43] . Due to the mixture of the photon field A µ and the eighth component G 8 µ of the gluon field, the original (u, d, s) quark representation is divided into neutral, positively, and negatively charged spinors with the quark rotated chargesQ [44] . TheQ of different quarks are in units of e = e cos θ [43] , where cos θ = g/ e 2 /3 + g 2 [45, 46] . By considering the relation between the magnitude of the applied external magnetic field H ext outside and the rotated fieldH inside the color superconducting matter, one hasH = H ext cos θ . This can be simplified asH = H ext with g ≫ e. In the following section, we will use "magnetic field" in short when referring to the rotated magnetic fieldH. The original symmetry pattern is SU(3) C+L+R has been broken to the residual subgroup SU(2) C+L+R [40, 42] . The gap structure is indirectly affected by the external field through the coupled gap equations [40] . The original gap of CFL matter is split into two different gaps, φ and ∆ H , in the implementation of the MCFL matter. In principle, the gaps are determined by the solution of the gap equation [39, 40] . The gap φ is formed only by the pairs of neutral quarks, while ∆ H function has contributions from quarks with opposite charges and neutral quarks [42] . By an analogy with the pairing contribution in Eq. (3) for CFL matter, the total thermodynamic potential density Ω MCFL is the sum of pairing term and the thermodynamic potential Ω MSQM to lowest nonzero order in ∆ H /µ q at the quark chemical potential µ q = 400 ∼ 500 MeV,
where
This approximation is obviously available to lowest nonzero order in φ /µ because φ could be smaller than ∆ H [39, 42] . The dependence of the gap ∆ H on the magnetic field can be understood through the gap equation in NJL model [39, 40] . As is known to us in the bag model, the quark interaction is simply included into a single bag constant, which represents the energy density difference. Therefore in order to obtain the gap value as the function of the magnetic field, we can only resort to the approximation solution from the gap equation in NJL model. For MCFL matter, the gap parameters can be solved numerically through the gap equation. In the strong-field limit, all the landau levels has been drop down in addition to the lowest Landau level and the analytical solution can be found in the equation,
For more detailed introduction, one can see Ref. [39, 40] . Because the solution of Eq. (20) is associated with Landau energy level, the gap parameters show oscillation behavior, known as the de Haas-van Alphen effect, as long as 0.2 <ẽH/µ 2 q < 0.5. The oscillation ceases when only the lowest Landau level contributes to the gap equations, namely,ẽH/µ 2 q > 1 [43] . In this case, the analytical function was obtained for the dependence of the gap on the magnetic field in Refs. [39] . In the regionẽH/µ 2 q ∼ 0.1 we are interested in, the parameters φ and ∆ H show a narrow range of the oscillation . The gap parameters with very weakly oscillation behavior can be briefly supposed as constants in our investigation. The thermodynamically self-consistence with this approach will be shown in following section that zero pressure is obtained simultaneously with the minimum of free energy. In the special case ofH ∼ 5 × 10 17 G, the gap parameters can be approximately invariant.
Because the ground state (ν = 0) is single degenerate while all ν = 0 states are doubly degenerate, we assign the spin degeneracy factor (2 − δ ν0 ) to the index ν Landau level. We can do the calculations with the redefined charges of the quarks in the 9-dimensional flavor-color representation [ 
The thermodynamic potential density for charged quarks at zero temperature is simplified to give
where the d i = 2 only refers the spin degeneracy factor. The upper limit ν max of the summation index ν can be understood from the positive value required by the logarithm and square-root function in Eq. (22) . So we have
where "int" means the number before the decimal point. The quark number density is
In the preceding paragraphs, we only take into account the influence of the magnetic field on the Landau energy levels of the particles. In fact, the magnetic field pressure should be considered in phenomenological presentations as in the previous work [47] , which should be distinguished with a hydrodynamical pressure [24] . Due to the anisotropic structure, the pressure is different in the directions parallel and perpendicular to the field [48] . By including the matter contribution and the field contribution, the total parallel pressure is given by
and the transverse pressure is
where the system magnetization is
The contribution from the ith quark species reads
Substituting Eq. (27) into Eq. (26), one has the analytical expression,
The anisotropy of pressures in a strong magnetic field was recently investigated by the bag model [49] and the NJL model [50] . In our quasiparticle model, the quark effective mass takes the place of the current mass in bag model to reflect the medium effect in the high density environment. The pressure splitting is
To guarantee the vanishing of both the parallel and transverse pressure, one should require that P = 0 and ∂ P /∂H = 0. It is obvious that the bag constant should depend on the magnetic field [16, 47] . Similar to the approach ruled by the fundamental thermodynamic relation in CFL matter, we have the following requirement,
Consequently, we have the following differential equation,
We can express the effective bag function of MCFL matter as
where the contribution of the component i at the ν level is given as
For uncharged particles in the rotated representation, we can not obtain discrete Landau levels and the integration of Ω i can be carried out to give [26] 
Correspondingly, the number density (24) and bag function (33) for uncharged quarks should be changed [26] . It is known that different constitutions of three flavor quarks and external environment will have different effects on the stability of SQM. The stability for different phases was recently investigated by an inequalities expression [13] . In the framework of the preceding quasiparticle model, we have done the numerical calculations with the quark current mass values m u = 5 MeV, m d = 10 MeV, and m s = 120 MeV. The constant term B 0 is (145 MeV) 4 . In Fig. 2 , we give the energy per baryon for the SQM, MSQM, CFL, and MCFL phases respectively. From the top to down in the panel, there are obviously two features. Firstly, the quark pairing effect greatly improves the stability of SQM. Secondly, the external magnetic field in a proper magnitude lowers the free energy per baryon through the rearrangement of Landau energy level of magnetized quark matter. In a proper range of magnetic field strength, we can get the general inequality relation of the energy per baryon in the four kinds of quark matter phases as
III. NUMERICAL RESULTS: THE STABILITY AND ANISOTROPIC STRUCTURE OF MCFL
Here we should emphasize that the validity of the comparison result in Eq. (35) will depend on the gap value of CFL matter. If given a larger gap value ∼ 3∆ H , the CFL phase will be more stable than MSQM phase. Now we investigate the range of the magnetic field strength required by the stability condition of the MSQM and MCFL matter. As is known that the effect of the magnetic field on the equation of state of the magnetized SQM is remarkable [27] . Undoubtedly, the influence of the magnetic field on the stabilities will depend on its magnitudeH. One may wonder how high is the field magnitude is allowed in SQM according the stability hypothesis. The possible strongest magnetic field in nature is generated either in the interior of a rotating protoneutron star, or in the in ultrarelativistic heavy ion collisions for a brief timescales of order fm/c. The physical upper limit can be estimated asH max ∼ 10 20 G by assuming equivalent uniform field and mass density under energy-conservation arguments by applying the equipartition theorem on the magnetic energy and the energy from quark matter [50] . In this paragraph, we will investigate the allowed field range by considering the stability condition criterion. By comparing the energy per baryon with that of the 56 Fe nucleus (roughly 930 MeV), the stability window (E/n b < 930 MeV) is obtained at zero pressure condition for MSQM (dashed line) and MCFL (solid line) in Fig. 3 . For MCFL matter, the two energy gaps are chosen as φ = 15 and ∆ H = 20 MeV. It is clearly seen that the pairing energy can enlarge the stability window in the parameter space. The maximum value of the magnetic field is allowed up to H m = 1.56 × 10 18 G in the absolute stability region, which is smaller than that showed in Fig.5 of Ref. [47] . However, the special values of the allowed maximum field are associated with the energy gaps and the QCD scale parameter Λ. The anisotropic structure was investigated recently in dense neutron matter under the presence of a strong magnetic field [51] . The difference of P ⊥ and P reflects the breaking of the rotational symmetry by the magnetic field. The effect of anisotropic pressure will become very important especially in calculating the properties of strangelets, the spherical drop of SQM. In contrast to the previous work about MCFL matter [15] , our equation of state in the quasiparticle model implies P < P ⊥ by including the field Maxwell contribution. To satisfy the equilibrium condition of the self bound matter, it is required that the parallel pressure and the transverse pressure should vanish simultaneously P = P ⊥ = 0 [47] . A natural and realizable method is that the bag parameter is field-dependent [16] . Consequently, the residual part of the bag constant in the present version of the quasiparticle model should reflect its dependence onH under the equilibrium condition. Just as pointed out in Ref. [47] , one can consider a The case-1, case-2, and case-3 of energy gaps (φ , ∆ H ) are chosen as (30, 40) , (15, 20) , and (0, 0) in unit of MeV, which are marked by solid, dashed, and dotted lines respectively. The case-3 is the unpaired magnetized strange quark matter. field-dependent bag constant for gravitationally bound stars, because the internal pressure produced by the magnetic field can be compensated by the gravitational pressure. In Fig. 4 , we show the parallel P and the transverse P ⊥ pressures as functions of the magnetic field strength. We call to the reader's attention that our numerical result of Fig. 4 is automatically obtained by zero pressure condition instead of fixing a baryon number density [52] . The solid and dashed lines represent the parameter set (φ , ∆ H ) of the MCFL matter with (30, 40) and (15, 20) in unit of MeV, respectively. The dotted line with φ = ∆ H = 0 denotes the recovery of the unpaired MSQM phase. The pressure lines feel a weak effect of the pairing gaps. It is found that the pressure splitting is dominated by the magnetic field and independent of the pairing energy gap. The magnetic field strength has a common threshold valueH th ∼ 3 × 10 17 G for different gap values. When the magnetic field strength is larger than the threshold value, the pressure anisotropy starts to become noticeable: the transverse P ⊥ (or the parallel P ) will increase (or decrease) rapidly far beyond the constant values. Because the contribution of Maxwell term to the pressure becomes dominant with the high value of the field strength, the ascending branches as well as the descending branches will become to overlap at high magnitude of the magnetic field. In Fig. 5 , we compare the effective bag function at the fixed field strengthH = 10 17 G. It is obvious that the residual interaction energy density B * will be decreasing with the decreased distance between quarks, which is required by the behavior of confinement potential energy. However at the same baryon number density, the B * increases with the gap value of MCFL matter. For ultrastrong field, i.e.,ẽH > µ 2 q , the similar comparison can be out of the scope of the present work.
IV. SUMMARY
We have extended the quark quasiparticle model to study the properties of both CFL matter and MCFL matter in an external strong magnetic field. The self-consistent thermodynamic treatment is obtained through an additional bag function, which is dependent on the chemical potential and/or the magnetic field. It is used to describe the residual interaction of quarks with the quark effective masses in the quasiparticle model. The stability properties of CFL and MCFL matter are calculated and compared with ordinary SQM and MSQM. For a proper magnitude of the magnetic field, aboutẽH < 0.2µ 2 q , the MCFL with smaller energy per baryon is more stable than other phases of SQM. The magnetic field makes both the paired and unpaired quark matter more stable by decreasing the energy per baryon. Moreover, we find that the MCFL matter has an enlarged stability window by comparison with MSQM due to the quarks' pairing effect. Because of the formation of pairing quarks and the participation without electrons in MCFL matter, there is not a drop behavior for the strange quarks even in the strongest magnetic field. Therefore the MCFL is stable against the transition of the SQM to non strange quark matter in the neutron stars [52] .
The anisotropic structure of MCFL matter is also investigated in our quasiparticle model. The isotropic symmetry in the ordinary CFL matter is broken by the magnetic field. The anisotropic pressure splitting is dominated by the magnetic field strength. Importantly, it is found that the anisotropic structure is almost independent on the pairing gap, and the threshold value of the magnetic field is the same for the different phases, i.e., MCFL and MSQM. The result can be understood for that the contribution of the Maxwell term of the magnetic field is much higher than that of the pairing effect.
Since the MCFL matter has a larger stability window, one can expect extensive research of MCFL matter in astrophysics. For example, we can hope that the CFL and/or MCFL matter can be energetically favored in neutron stars or pulsars even if ordinary SQM could not be allowed in the core of neutron star [53] , In particular, MCFL matter has a larger probability of existing in stars due to the two mechanisms, namely, cooper pairing effects and the Landau magnetic quantum levels. The study of magnetic field in the inner regions of compact stars is helpful to distinguish the different quark matter phases. The anisotropic equations in ultrastrong magnetic field are still worth investigating for non-spherical strangelets and compact stars in future work.
